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1. Introduction: In 1922, Banach gave a principle to obtain the fixed point in the
complete metric space. Since then, many researchers have worked on the Banach fixed
point theorem (see [1-9], [11-22]) and tried to generalize this principle. In 2012, Samet
et al. [23] introduced the new concepts of mappings called a-admissible mappings in
metric space. Recently, in 2013 Farhan et al. [2] gave new contractions using a-
admissible mapping in metric spaces.

In this paper, we shall generalize Farhan’s ef al. [2] contractions and give fixed point
theorems for such contractions.

2. Preliminaries: To prove our main results we need some basic definitions from
literature as follows:

Definition 2.1. [10] Let X be a set. A rectangular metric space (RMS) is an ordered pair (X, d)

where d is a function d : X X X — R such that

(1) (xy) =20,

(2) (x,y) =0iffx =y,

(3) (xy) = d,x),

@4 (x,y) <d(x,u) +dwv) + dw,y).

For all x,y,u,v € .

Definition 2.2. [10] A sequence {x,} in RMS (X, d) is said to converge if there is a point x €
X and for every € > 0 there exists N € N such that d(x,, x) < € for every n > N.

PAGE NO: 40



JOURNAL OF INTERNATIONAL MANAGEMENT (ISSN NO: 1075-4253) VOLUME 26 ISSUE 2 2020

Definition 2.3. [10] A sequence {x,} in a RMS (X, d) is Cauchy if for every € > 0 there
exists N € N such that (x,,, x;,) < € for every n,m > N.

Definition 2.4. [10] RMS (X, d) is said to be complete if every Cauchy sequence is convergent.

Definition 2.5. [23] Let f: X = X and a: X X X — [0, 00). We say that f is an @ —admissible
mapping if
(x,y) = 1implies a(fx, fy) =1, x,y € X.

3. Main Results:

Theorem 3.1. Let (X, d) be a complete RMS and T: X — X be an a — admissible mapping.
Assume that there exists a function f: [0, ) — [0, 1] such that, for any bounded sequence {t,}

of positive reals, (t,,) = 1 implies t,, = 0 and
(d(Tx, Ty) + D™ < B(M(x,y))M(x,y) + LVx,y € Xandl > 1. (3.1)

Where M(x, y) = max {d(x,y),d(x, Tx),d(y,Ty) dGT0-d(Ty.y) d(X’TX)(Hd(Ty'y»}
dx,y) 1+d(xy)

Suppose that if T is continuous and

If there exists xg € X such that (xo, Txg) = 1, then T has a fixed point.

Proof: Let xq € X such that (xg, Txg) = 1. Construct a sequence {x,} in X as x,;1 = Tx,
Vne€EN.

If x,41 = xp,, for some n € N, then Tx,, = x,, and we are done.

So, we suppose that (xp, xp11) >0,V n € N.

Since T is a —admissible, there exists xo € X such that (xo,Txo) = 1 which implies
(x0,x1) = 1.

Similarly, we can say that (x1, x) = a(Txq, T?xg) = 1.

By continuing this process, we get

(X xny1) =1L,V €N. (3.2)
By using equation (3.2), we have

d(Xn, Xni1) + | = d(Txn-1, Txp) + 1 < (d(Txp-1, Txn) + 1)eGa—0Txn—DaGnTxn),

Now using equation (3.1), we get

d(xn, xn+1) + 1 < B(M(Xn-1, X0))M (n-1, xn) + L, (3.3)
d(xn—1,Txp—1).d(Txp.xn)
(xn—l 'xl’l) = max{d(xl’l—llxl’l)l (xn—l rTxn—l); (xn ) T.xn); % 1d())((n_11 Xn) ok )

i@n—l&n—1wg.zg))}
14+d(Xn—1,%Xn)
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= max {(xp-1, Xpn), d(Xn-1, Xn), d(xn, Xn+1)}
Assume that if possible d(xy,, Xni1) > d(xXp-1, Xp).
Then, (x,_1, xn) = d(xy, Xp41).Using
this in equation (3.3), we get
(xn, X0+1) < B(d(xn, Xn+1))d(Xn, Xns1) (34
= (Xp Xnt+1) < d(xp, Xn+1) , which is a contradiction.So
(Xn, Xnt+1) < d(Xn-1,%n), V 1.
It follows that the sequence {(xy, xn+1)} is @ monotonically decreasing sequence of positive
real numbers. So, it is convergent and suppose that Llr_r)loo (Xn, Xng1) = d. Clearly, d > 0.
Claim: d = 0.
Equation (3.4) implies that

dXnXn+1)

dnry = (@0m1 ) <1,

Which implies that lim  (d(xy-1, xn) = 1.
n — oo

Using the property of the function 5, we conclude that

lim (X0 Xn+1) = 0. 3.5)

n — oo

In the similar way, we can prove that

lim (xn, xn+2) = 0. (3.6)

n— oo

Now, we will show that {x,} is a Cauchy sequence. Suppose, to the contrary that {x,} is not a
Cauchy sequence. Then there exists € > 0 and sequences (k) and n(k) such that for all

positive integers k, we have

n(k) > m(k) > k, d(Xn@), Xm@) = € and d(Xn@), Xm@o-1) < E.

By the triangle inequality, we have

€ < d(Xnaoy Xm@) = A(Xn@oy Xm@w-1) + AXm@9-1 Xm9+1) T E(Xm0-1 Xm(10)

<€ + d(Xma-1 X¥m+1) T A(Xma0-1 Xmk)»

3
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forall k € N.

Taking the limit as k — +oo in the above inequality and using equations (3.5) and (3.6), we

get

om (Xn@, Xma) = E. (3.7)

Again, by triangle inequality, we have

Ay Xmao) — AdXm@-1 Xm@) — A(Xn@-1 Xnwk) < d(Xna)-1 Xm@)-1)

A(Xn)-1 ¥m@-1) < AdXm)y Xm@-1) T A(Xn@)y X¥mao) T+ A(*Xnao-1 Xn@)-

Taking the limit as k = 400, together with (3.5) - (3.7), we deduce that

Jm - (Xn9-1, Xmao-1) = €. (-8)
From equations (3.1), (3.2), (3.6) and (3.8), we get

d(Xn@y Xm@) + L S ([d@na0r ¥mao) + D091 M- Cmag—1mag—1)

= ([d(Txngo-1,Tx (, ) +1 (X (k) — 1 TXn (1) — 1) 4 Em (l)— 1. TEm (l)—1)

< (Mhm)-1 Xm0-1)M (Xna9-1 Xmo-1) + 1 (3.9)
M (xn109-1 Xm@-1) = mMax {d(Xnmw)-1, Xm@-1)» (Xn@)-1 Xn))r E(Xm0)-1 Xm(k))

A0 1 TXna—D-d(TXpa0—1Xmag—1)  dEnag—1T¥nan D A+d(Txp 00 1. Xma0—1)) )
’ 1+d(Xn—1Xm(lo—1) ’

d(Xn (1) —1X¥m(l)—1)

= max {(X19-1 Xm@)-1) LA Xn@)-1 Xn))r E(Xm0)-1> Xm())

dXn (o) —1Xn))-dEm g0 —1.Xm (k) d(Xn(k»Xn(kﬁ—O(1+d(Xm(k1—1'Xm(k1))}
, .

d(Xn (1) —1Xm(l)—1) 1+d Xy (1) —1Xm @0 —1)
Taking k — oo , we have

(%n@w-1, Xm-1) = max {€, 0, 0, 0, 0 }.So,

equation (3.9) implies that

A+ Xm+1) = BM (n iy Xma0) M (Xn@ey Xmao) < 1,

Letting k — oo, we get
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klim (d(xna9, Xmao) = 1.

By using definition of § function, we get

= ll(im d( Xn) Xm@a) = 0 < €, which is a contradiction.

Hence, {x,} is a Cauchy sequence.
Since (X, d) is a complete space, so {x,} is convergent and assume that x, — x asn — oo.
Since T is continuous, then we have

Tx = lim Tx, = lim x,,; = x.

n — oo n— oo

So, x is a fixed point of T.

Theorem 3.2. Assume that all the hypothesis of Theorem 3.1 hold. Adding the following

condition:
If x = Tx, then (x, Tx) = 1.
We obtain the uniqueness of fixed point.

Proof: Let z and z* be two distinct fixed point of T in the setting of Theorem 3.1 and above

defined condition holds, then
(z,Tz) 2 1 and a(z+,Tz*) = 1.
So,d(Tz,Tz?) + 1 < (d(Tz Tz*) + DaeTdaET2)

< BM(z, z))M(z, z*) + L (3.10)

Where M(z z7) = max {d(z, z?), d(Tz 2), d(Tz", z),, “@" 4T =7 | AETHATAT 229)

d(zz" 1+d(z,2%) }

= d(z, z).
So, equation (3.10) implies
d(z,z7) = d(Tz Tz?) < B(d(z z))d(z, 2z
= (d(z,z)) = 1

=(z,z)=0 =2z= 2z
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Corollary 3.3.(Farhan et al. [2]) Let (X,d) be a complete RMS and T :X — X be an
a —admissible mapping. Assume that there exists a function S: [0, ) — [0, 1] such that, for

any bounded sequence {t,} of positive reals, (t,) — 1 implies t, = 0 and
d(Tx, Ty) + Dex™ew™ < B(d(x, y)d(x, y) + 1

for all x,y € X where l > 1. Suppose that if T is continuous and there exists xo € X such that

(x0, Txp) = 1, then f has a fixed point.
Proof: Taking (x,y) = d(x,y) in Theorem 3.1, one can get the proof.

Corollary 3.4. (Farhan ef al.[2]) Assume that all the hypotheses of Corollary 3.3 hold. Adding

the following condition:

(a) If x = Tx, then (x,Tx) = 1,
we obtain the uniqueness of the fixed point of T.
Proof: Taking (x, y) = d(x,y) in Corollary 3.3.
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